This work investigates the effect of finite size and evolution of fracture process zone on b-value of acoustic emission in concrete beams. It is shown that the AE b-value determined using the Gutenberg-Richter (GR) law varies with beam size and invalidates universality. Since GR law fits the frequency-magnitude curve partially, a recently proposed Maslov's generalized logistic equation (GLE) is used for b-value analysis. The existence of cut-off magnitude and nonlinearity of frequency-magnitude distribution is explained through crack interaction mechanisms occurring within the FPZ. The growth of micro and macro cracking in concrete is observed to follow logistic or sigmoid growth law rather than the power law. The b-values obtained from GR and GLE are compared and it is found that the b-value of GLE correlates well with the effective crack length during damage process of plain concrete thereby exhibiting damage compliant behavior which could be used in health monitoring of structures.
Introduction
Gutenberg-Richter (GR) law [1] has ruled the earthquake statistics for decades after its inception and still continues to do so, not only in seismology but in many other fields too. With the ease in application, it represents a nonlinear chaotic system to appear somewhat linear and systematic. In fact, at any given time instant, it provides a snapshot of a dynamical system in the form of an ogive. The GR law is regarded as a power law, characterizing the frequency-magnitude relation of earthquake events and the exponent of this power law is known as b-value. The existence of power law entails self similarity and scaling in the emerging processes like earthquake. Furthermore, b-value tends to a constant value ( ≈ b 1) near criticality exhibiting universality. Consequently, GR law becomes more profound and generic for applications due to its manifestation of universality and self similarity.
Universality establishes a link between different complex processes participating in an emerging system to an universal scenario (yet unknown) at critical transformations. Self similarity allows an extrapolation to predict the crucial large magnitude events from smaller ones. Although, universality and self similarity are relevant properties, many researchers have observed deviation in the cumulative frequency distribution (CFD) contradicting pure GR law. The oversimplification of CFD by GR law does not account for small magnitude events and it also disregards large magnitude cut-off. The cut-off magnitude and log-concavity are important features of CFD and should not be neglected but rather accounted for in the b-value analysis. In the present work, the log-concavity along with cut-off magnitude of CFD are addressed together as nonlinearity of CFD in a general sense signifying nonlinear shape on both semi-log and linear scales.
As GR law was first introduced for statistical analysis of earthquakes and applied without any modification to acoustic emission https://doi.org/10.1016/j.engfracmech.2018.09.011 Received 4 July 2018; Received in revised form 6 September 2018; Accepted 6 September 2018
Gutenberg-Richter Law and the universality of b-value
The ubiquity of Gutenberg-Richter (GR) law in many natural phenomena has been studied and confirmed. fundamentally proposed for earthquake occurrences in seismology, it has been adopted and applied in many other areas too. Despite ubiquity, GR law has received criticism due to its broad generality which makes it difficult to validate in many other situations. In fact, in seismology itself it holds true only for the finite range of magnitudes [21, 22] . The GR law can be expressed as follows, ⩾ = − log N m a bm ( ) 10 ( 1) where N is the number of events greater than magnitude m, a is referred as productivity and b is the negative slope of CFD over magnitude plotted on log-linear scale. The GR law has been applied extensively for b-value analysis of AE events. However, GR law partially represents the CFD of AE. There are possible reasons for it being partially applicable to AE data, one of which is the incompleteness of small magnitude data as a consequence of thresholding used during its acquisition. Further, saturation of large magnitude events results in maximum amplitude cut-off, which the GR law fails to consider. Nevertheless, the CFD of AE is not linear and requires another model which can effectively describe it. The universality of b-value is a conviction followed by AE community borrowed from seismology. In seismology, the bvalue is used to predict the large (largest) size earthquake by extrapolating smaller earthquakes for which existence of universality can be considered useful. On the other hand, AE in structural health monitoring (SHM) is required to estimate damage progress and not to extrapolate large size events and therefore small variations in shape of CFD should also be regarded. This basic difference in application of b-value in both seismology and SHM is important and needs to be emphasized. The universality of b-value is a topic of debate for several years and many studies have supported its existence [23, 24] . The present work provides evidence for non-existence of universality by an experimental study using acoustic emission.
The universality of b-value has been a conundrum for decades and its observed variability has added further dilemma among researchers. As a measure of variation in power law distribution, the b-value obviously depends on the underlying physics of the system. Therefore, the universality of b-value indicates that different emerging systems have the same universal physical phenomenon behind them. Whether universality exists or not, several factors affecting b-value have been recorded and studied by many seismologists [25] . Such studies are found to be scarce in the literature dealing with AE of concrete. Factors affecting b-value in concrete fracture include heterogeneity [26, 27] , stress level [4, [28] [29] [30] , shape of the tail distribution affected by cut-off magnitude [31, 32] , different methods of b-value evaluation [3, 4] , sample size [33] , magnitude binning [34, 3, 35, 36] and most important of all is the specimen size. These factors can be broadly distinguished as numerical, material and geometry dependent. The b-value dependence on the numerical factor can be reduced by selecting appropriate sample size and binning magnitude. The material and geometry dependence cannot be avoided but can be quantified. Although, the major problem with b-value analysis is more elemental, it needs to be addressed based on the physics of the problem. This elemental problem is nothing but the validity of GR law itself. Therefore, the present work advocates use of generalized logistic equation for b-value evaluation instead of GR law. Besides application of GLE, the effect of finite size is also investigated by testing geometrically similar concrete beams of three different sizes under flexure.
Generalized logistic equation
Recently, Maslov et al. [12] proposed a new equation to study the statistics of earthquake distribution by calling it as "the generalized logistic equation". A special case of Maslov's generalized logistic equation can be written in the following form, 
Eq. (2) is not a perfect cumulative distribution function but can be considered approximately as CFD for sufficiently large C, where C is a constant and α and s are parameters of function P(x). P(x) is an approximation to the number of all elements with size greater than x and x is a representative variable of the size of an element in a structure (e.g., the magnitude of earthquakes, the amplitude of acoustic emission events, etc.). P(x) varies from C/(1 + C) for x = 0 to 0 for x → ∞. For sufficiently large C ( + ≈ C C /(1 ) 1), the denominator of Eq. (2) is a normalizing function (similar to partition function used in statistical mechanics). Therefore, in order to arrive at an analogous GR law expression, removing the denominator and replacing variable x by magnitude m results in,
Eq. (3) can also be obtained as a first-order approximation of Eq. 
Eq. (4) is analogous to the Gutenberg Richter law shown by Eq. (1) for α = 0, a = log 10 C and s = b. The above equation considers the nonlinear relation between magnitude m and cumulative event number N(m) contrary to linear relation assumed in GR law. The role of α can also be thought of as a penalty on GR law due to nonlinear relation between N(m) and m. Therefore, the new b-value (b GLE ) based on approximation of generalized logistic equation and equivalent to the GR law can be written as,
As Eq. (4) is simply a first order approximation of Eq. (2), for b-value analysis, the estimation of parameters s and α should be performed using Eq. (2) itself. Fig. 1 shows the behavior of Eq. (2) with respect to varying parameters α and s on linear and log-linear scales for comparison. The variation of α is plotted in Fig. 1a for a constant value of s = 3.5. The head and tail portion of the curves are dominated by α which ensures smooth transition from small to large magnitudes. It is evident that larger α accounts for fewer small magnitude events while small α accounts for the relatively large number of small magnitude events. Fig. 1b model sets a soft limit over large magnitude events, analogous to Gamma law advocated by Kagan [37, 38] . Soft magnitude cut-off considers the possibility of large magnitude events with progressively smaller probabilities compared to GR law and therefore it allows smooth transition of the dissipative dynamic system. As discussed above, GLE appears to be an appropriate candidate for b-value analysis. However, before moving to b-value evaluation using GLE, it is necessary to briefly introduce fracturing process and fracture process zone of quasi-brittle material such as concrete.
Evolution of fracture process zone in quasi-brittle materials
Although resemblance between occurrence of earthquakes and AE events does exists, the mechanics behind both of these phenomena have a vast difference. The earthquakes originate from fault lines due to sliding movement of tectonic plates. On the other hand, the development of FPZ in quasi-brittle material, like concrete, originates from cracking of material due to local tensile stresses. The area of fault plane is considered as an invariable, in seismology. Whereas, the volume of fracture evolves in size during fracture process of concrete. In fact, volume of the FPZ depends on structure size, geometry and loading conditions to which the material is subjected. Therefore, it is necessary to understand the evolution of fracture process in concrete to appreciate b-value variation in AE. Fracture process zone is a cluster of micro and macroscopic cracks around the crack tip produced by stress redistribution and energy dissipation mechanism due to underlying heterogeneity as shown in Fig. 2 . In quasi-brittle materials like concrete, the heterogeneity primarily arises due to its constituents of varying particle sizes from fine to coarse aggregates and it is further elevated by discontinuities and pores developed during the hydration of cement. The randomly dispersed discontinuities and pores play the role of probable sites for crack initiation due to stress concentration. At the crack initiation stage, microcracks develop and coalesce due to applied stress and form a macrocrack near the crack tip oriented perpendicular to the principal tensile stress direction. After crack initiation, the fracture mechanism becomes an interactive process between various crack sizes [39] . Microcracks usually occur around the main crack and their density reduces as the distance from the crack tip increases. Otsuka et al. [40] studied the development of FPZ in concrete under tensile loading using AE with X-ray and proposed the existence of a sub-zone within the FPZ and named fracture core zone (FCZ) as shown in Fig. 2 . Similar behavior by considering AE energy is recorded in [41] . FCZ is an area of densely distributed microcracks which further develops into a main crack. Such dispersed microcracking around a macrocrack offers a bi-fold contribution to fracture process by relieving the stress singularity as a consequence of stress redistribution which is accompanied by energy dissipation. This bi-fold contribution adds shielding effect at the main crack tip often documented as toughening mechanism by microcracks. Not all, but the majority of microcracks participate in shielding while others amplify stress intensity at the main crack tip. Microcracks which are far away from the FCZ do not interact significantly with the main crack and remain idle after dissipation of energy. Therefore, shielding is a collective mechanism of interaction between micro-micro and macromicro cracks. The interactive process of different crack sizes is further elaborated with experimental observations in Section 7.
Experimental program

Experimental setup
An experimental program is designed to study the b-value behavior of geometrically similar plain concrete beams of three different sizes. The geometrically similar notched plain concrete beams are casted from the same concrete mix. The mix design of concrete is done using the ACI method and the mix proportion of the cement, fine aggregate and coarse aggregate obtained is 1:1.86:2.61 by weight. The maximum size of coarse aggregate is 12 mm and the fine aggregates (river sand) pass through 4.75 mm Aggregates Fracture core zone Fracture process zone Notch sieve. A water to cement ratio of 0.5 is used for preparing the concrete mix. Table 1 gives the geometrical details of the beams. A computer controlled servo hydraulic machine is employed for testing the beams in flexure under three-point loading using crack mouth opening displacement (CMOD) control. Monotonic loading rate is set to 1 μm/s for all specimens. Midpoint deflection of beams is measured using a linear variable differential transformer (LVDT), while the load is recorded using a load cell of 35 kN capacity. Three specimens are tested for each size of beam.
A Physical Acoustic Corporation (PAC) system is used to monitor the acoustic emission throughout the test. Six resonant type R6D AE sensors are mounted on beams as shown in Figs. 3 and 4. R6D sensors having sensitivity and frequency response over the range of 35-100 kHz with resonant frequency around 55 kHz are used. AE sensors are attached to concrete surface using vacuum grease as a couplant and adhesive tape is used to ensure fixity of sensor to the surface. Due to weak strength of AE signals, preamplifier with 40 dB gain was set for signal amplification. A threshold limit of 40 dB was set for background noise reduction. Sampling rate of 1 MHz was used to ensure good time and signal frequency resolution. Signals below the threshold level are neglected. In order to obtain the crack length as a function of loading, digital image correlation (DIC) technique is adopted. The surface of the beam specimen is sprayed with speckles of a black paint and images of the beam are captured continuously during the loading stages by a digital camera mounted on a tripod.
Analysis of AE data
Continuous monitoring of the beams up to failure by using AE and DIC techniques resulted in a large data generation which are analyzed. AE can be thought of as a passive acoustical microscope which provides a glimpse of the internal cracking mechanism of the material. On the other hand, a whole-field based DIC technique provides surface information regarding deformation/strain development and cracking due to the applied loading. According to the AE terminology, AE signal acquired by a single sensor is called as a "hit" and if the same hit is acquired by multiple sensors then it is counted as an "event". Events can be localized in space by using triangulation method based on differences in arrival time of the stress waves. An event is considered to be originated from a single micro or macro crack source, though the possibility of multiple crack occurrence cannot be denied. The amplitude of AE signal is considered to be correlated to the microcrack volume and therefore often used as an alternative to AE energy. In the present work, the amplitude of hit acquired by the first sensor, in a group of sensors which acquired the event, is considered as the source amplitude. The magnitude scale is derived by subtracting threshold amplitude of 40 dB from the acquired raw source amplitudes of stress waves ranging from 40 dB to 99 dB and then dividing it by 20 makes it useful for b-value analysis. The factor 20 accounts for conversion from voltage to decibel scale with reference voltage of 1 μV referred to the preamplifier input. For example, 65 dB amplitude will be denoted as 1.25 ((65 − 40)/20) on magnitude scale. The recorded magnitude for each event are further used for the b-value analysis. The referred meaning of magnitude in AE is straight forward and should not be confused with different magnitude scales used in seismology.
There are two methods for windowing on time series for the b-value analysis usually followed in the literature: (i) instantaneous b-value by considering a fixed length of time/event sliding window and, (ii) long-term b-value by considering all events occurred before a particular time instant. The long-term b-value is preferred as it represents overall b-value variation throughout the test duration. If t 0 is the time of test initiation, then at any time t i all the events occurred during interval t 0 to t i should be used to evaluate the long-term b-value at time t i . The time t 0 is considered as the time of occurrence of 100th event and therefore at any time instance t i , the number of events is always greater than 100 due to the cumulative effect. Increment of 100 events is considered such that
Magnitude binning also plays an important role in the accuracy of b-value and therefore the magnitude interval is kept as low as possible i.e. = m Δ 0.05 (magnitude binning interval is 1 dB with respect to source amplitudes). Eq. (2) is then fitted to CFD using particle swarm optimization and parameters s i and α i are determined for incremental t i . Use of particle swarm optimization is the authors personal preference although any other optimization technique can be used as an alternative for parameter estimation. The obtained parameters are then substituted into Eq. (5) to determine b GLE . Transformation from linear to loglinear scale is not required for evaluation of b GLE as Eq. (2) implicitly incorporates CFD nonlinearity through exponent α. Therefore, GLE discards the CFD linearity pretext which is often emphasized on log-linear scale.
DIC analysis is performed on images captured by high resolution camera using GOM correlate software package [42] . Successive images are captured at random intervals during load application. The crack tip determination is achieved manually by varying strain and displacement threshold on experience basis.
Results of mechanical testing and acoustic emission
The load versus crack mouth opening displacement (CMOD) response for all the three sizes of beams tested is shown in Fig. 5a . The shaded region depicts the scatter observed in the response for three specimens of each size. The scatter plot is obtained by filling the area in between curves of each specimen of the same size. The average dark line is obtained by averaging the variable over x axis. The use of CMOD control allows stable crack propagation resulting in the development of FPZ which is evident from the softening behavior exhibited by the beams in the post-peak regime. Similar scatter is also seen in the acquired cumulative AE events as shown in Fig. 5b . Table 2 lists the observed statistics of AE hits and events during progressive cracking for each specimen. The typical CFD of cumulated event over magnitudes is shown in Fig. 6a at various stages of damage progress. Fig. 6b represents the same CFD on loglinear scale. The GR b-value is usually determined by least square fitting of CFD on log-linear scale. The slope of the fitted line is called as the b-value. Along with nonlinearity, another noticeable feature of CFD is the cut-off magnitude denoted by vertical dotted lines in Fig. 6b . The cut-off magnitude is defined as the highest AE magnitude observed at any instance of damage. The log-linear plot clearly exhibits the incremental cut-off magnitude (m max ) with the increasing number of events and as an example shown in Fig. 6b for N = 100 by = m max N 100 . There is also an evidence of upper cut-off limit, irrespective of the beam size at 99 dB as seen in Fig. 6b denoted by m u . No event has been observed throughout the experiment above magnitude m u and once this upper limit is crossed, the CFD curve starts shifting upward indicating accumulation of increasing number of events with magnitude m u . Such upper limit on magnitude can be related to material properties at extreme stress conditions. The localized events are shown in Figs. 7 and 8 with data density and color mapped bubble plot showing magnitude of events in decibels. The images analyzed through DIC are shown in Fig. 9 at various stages of loading history. The crack length and crack tortuosity is evident from the analyzed images.
Discussion of results
Effect of finite size and crack interaction on fracture process zone (FPZ) evolution
The overall topology of the FPZ as shown in Fig. 2 and described in the previous section is well studied and understood in literature. There are two aspects of crack distribution in FPZ which can be observed from AE. The first aspect is the concentration or Cumulative Frequency ditribution Magnitude N=100 N=500 N=1000 N=2000 N=4000 N=6000 N=8000 N=10000 N=15000 N=20000 N=27169 density of the micro and macro cracks with respect to the main crack path. Main crack in single edge notched beams under three point bending initiates at notch tip and progresses towards the loading point. Fig. 7 shows color mapped kernel density contours of localized AE events. The overall shape of FPZ with variation of its width along main crack is evident from Fig. 7 . Cracking is highly dense along main crack and reduces farther away from it. The second aspect is the location and number of different sized cracks with respect to main crack location. The bubble plot of AE localized events as shown in Fig. 8 are dispersed abundantly around large magnitude events. The event locations in Fig. 8 are not in chronological order as the large magnitude events are scattered over small magnitude events to bring out the contrast between various magnitude events. The events between 92 and 99 dB do not occur frequently but instead occurs in relatively large intervals. Most of these large events have occurred between 100 and 250 mm depth range in large size beam. There are few large events visible at notch tip around 60 mm depth due to sudden release of strain energy. In the top range of 250-300 mm, 92-99 dB events are again rare. One can argue that at this range where final failure becomes catastrophic, large size events must be present. However, large size events are less probable near failure due to compressive stresses caused by flexure above the neutral axis and reduced applied load. At this stage, the material is softened and does not have sufficient strength as well as volume to generate large size events. Although dispersed microcracks around centrally located macrocrack is an overall simple depiction of FPZ, a complex fracture process lies underneath. A macrocrack is more susceptible to growth due to its relatively large size and higher tensile stresses in the mid-span location than the microcracks surrounding it. This implies that, once a macrocrack has emerged, it will grow further and generate a chain of macrocracks of equivalent or bigger size up to failure. This is a typical behavior of brittle materials wherein the chain of macrocracks leads to unstable crack growth heading to catastrophic failure. Contrary to brittle materials, quasi-brittle materials like concrete exhibit stable crack growth due to the toughening mechanism of microcracks as mentioned in Section 4. Interestingly, macrocracks grow in more restricted environment than the microcracks around it. The first restriction on macrocracks is its interaction with neighboring microcracks during which the energy supplied through loading is consumed, thereby limiting further growth of macrocrack. Secondly, the macrocracks have dimensional restrictions as they grow centrally at the awakening of two new surfaces and therefore their growth is limited in two dimensional space. On the contrary, microcracks are dispersed in volume around the main crack which can grow in three dimensional space. The third restriction arises due to the type of loading and stresses to which the material is subjected. Direct tensile stresses tend to accelerate cracks and compression stabilizes it. The energy dissipation during tensile loading is slow and stable for quasi-brittle material compared to compression where it occurs in large bursts close to failure when tested under CMOD or displacement control. During flexural deformation of the beams, the crack growth is stable with the combination of compression and tension. The stresses ahead of crack tip in compression zone restricts further growth of macrocrack. This restriction in the compression zone forces wider dispersion of microcracks which may result in widening of FPZ. Small amounts of cracking might actuate in compression zone too, but these do not lead to any failure in plain concrete beams. Compression zone crack may not help tensile crack propagation directly as both of them are oriented normal to each other. The compression zone cracks soften the material and help tensile cracks indirectly. The softened compression zone might be the reason for observed scarcity of large magnitude events (92-99 dB) within the top 50 mm range of the large size beams as shown in Fig. 8 . Consequently, restricted macrocracks produce incremental magnitude cut-off during progressive damage. Similarly, the size and density of dispersed microcracks diminishes away from the main crack as shown in Figs. 7 and 8 ensuing a flat plateau which is evident in the CFD curve at small magnitudes (Fig. 6) . Inevitable thresholding and attenuation also play an important role in acquiring less number of small magnitude events during acoustic emission. In summary, large events experience cut-off while small events are undersized resulting in nonlinear CFD dominated by intermediate size cracks and deviating from the GR law. Gutenberg and Richter also [1] noted such deviation for large earthquake magnitudes which further led to the upper bound power laws [38, 43] .
The clear distinction between sizes of micro and macro crack has not yet been defined firmly, and it is also experimentally infeasible to associate crack size with AE magnitudes in concrete. Indeed, crack size itself depends on applied stress, stress intensity factor (SIF) and geometry of the specimen. Therefore, a specific crack size at different stages of damage progress will produce different magnitude events depending on SIF and stress condition at that instant. The orientation of the crack also influences the stress wave parameters. Consequently, the AE magnitude distribution progresses as a collective effect of applied stress, SIF, boundary conditions, crack density and their orientation.
b-value analysis using GR law
The conventional b-value analysis using GR law is carried out on the AE magnitudes obtained from beams of different sizes. As beam size increases, eventually to dissipate proportionate amount of applied energy, the volume of FPZ increases. The maximum width of FPZ in a beam depends on maximum aggregate size and uncracked ligament length [40] and therefore for the same maximum aggregate size, the increase in the width of FPZ solely depends on the beam size as shown in Fig. 10 . The maximum width of FPZ shown in Fig. 10 is determined as the width of localized AE events in length direction at one standard deviation from the mean ( ± μ σ, where μ is mean and σ is standard deviation, if a data distribution is approximately normal then about 68% of the data values are within one standard deviation of the mean). Large volume of the FPZ accommodates large number of microcracks due to its larger width and length. The b-value should reflect such relative change in the proportion of micro and macro cracks with size. Consequently, different beam sizes should exhibit different b-values instead of converging to unity. Accordingly, universality of the b-value (b ≈ 1) should not hold true for different beam sizes. Such size effect on b-value has not been yet studied and discussed. Fig. 11 shows the b-value determined by least square fitting (b LS ) and Aki's formula (b ML ) at final failure for the three beam sizes, where size dependence of b-value is evident. The b LS and b ML are obtained from GR law and therefore these b-values will be collectively referred as b GR henceforth in the present work. According to Carpinteri et al. [24, 44] , the energy dissipation in disordered materials takes place in fractal domain with dimension lower than 3, intermediate between surface and volume. Aki [45] related the fractal dimension D to seismic b GR through the relation D = 3b GR /c with c = 1.5. Similar relation for b GR and fractal dimension based on cumulative number of AE events and characteristic linear dimension has been proposed by Carpinteri et al. [24] . The observed average variation of b GR for the present study is 1.15, 1.29 and 1.33 resulting in fractal dimension of 2.3, 2.58 and 2.66 for small, medium and large size beams respectively. Therefore, an alternate explanation for size effect on b GR based on fractal theory could be that the damage localization in flexure of concrete beams is shifting from two dimensional to three dimensional fractal space with increase in the size of specimen. Such increment in fractal dimension is due to the widening of FPZ. is the low variability range of b-value itself. The range of b-value for concrete has been reported in the range 0.5-1.5. Though b-value variation for different sizes appears insignificant, the trend is considerable and needs further detailed investigation.
Application of GLE for b-value analysis
The applicability of GLE for b-value analysis is demonstrated in two steps in this section. First, its superiority of fitting the CFD compared to GR law is demonstrated by fitting 1000 randomly sampled AE events from a tested beam. Then it is applied to the whole population of events up to failure in chronological order to observe time evolution of damage. The parameter s-value obtained from GLE fit is compared with GR b-value and their equivalent behavior is illustrated. The b-values obtained from GR and GLE are not the same, in fact it is argued that the b GLE is more generalized and informative than b GR .
Application to randomly sampled 1000 events
Before proceeding to the application of GLE to tested beams, this section demonstrates the comparative quality of fitting by GLE and GR. To testify, 1000 randomly sampled events are taken from the population of events acquired from a tested beam up to failure. The samples are not consecutive in time rather sampled randomly to eliminate any bias. To determine b GLE , Eq. (2) is fitted to the CFD (shown in Fig. 6a ) of these sampled events. For C = 1000, the parameters s-value and α are obtained and substituted into Eq. (5) to obtain b GLE . Fig. 12 shows a comparative fit of GR and GLE. One can observe that the GR law does not fit for the small magnitudes on a linear scale although it shows the apparent fit only on the log-linear scale. The residual errors for large magnitudes appear large while for small magnitudes appear small on the log-linear scale. Therefore, the least square regression on the log-linear scale provides apparent fit for the GR law and biased to large magnitudes. On the other hand, GLE does not need the use of log-linear scale and fits CFD on the linear scale itself without showing any magnitude bias. The superiority of GLE fit is clearly seen on both linear and loglinear scale. It is important to stress that the GLE uses two parameters for fitting CFD and perhaps it is an obvious reason for a better fit whereas GR law uses a single rate parameter. Despite the simplicity of GR law, if it does not fit small magnitude events with considerable accuracy then the use of GR law should be avoided at least for AE in quasi-brittle materials as far as damage assessment is concerned. Use of GLE is justifiable due to its superior quality of fitting CFD for small as well as for large magnitude events. Accounting small magnitude events is necessary as they represent microcracking. Microcracking is a benefit offered by quasi-brittle material for reducing crack severity and it should not be overlooked. Hence, microcracking is an essential part of the FPZ development and neglecting microcrack contribution to b-value can result in partial information regarding damage progress.
Application to AE events acquired up to failure of a beam
As superiority of GLE over GR law is demonstrated in the previous section, its application for damage analysis of beams is explored further. Eq. (2) is used to fit CFD of AE events at various time instances during the progress of damage in the beams. The constant C is taken as = C N(0) at each time instant and other parameters of GLE are determined with coefficient of determination not less than 0.99. The time of 100th event is indicated after which the b-value analysis is performed to avoid sample size bias. Before illustrating the progress of b GLE with damage, it is helpful to understand the analogues behavior of one of its parameter, the s-value with b GR . Fig. 13 shows the progress of s-value along with b LS and b ML . The overall trend of s-value correlates with GR b-values indicating that the s-value is negatively correlated to stress (as GR b-value is negatively correlated to stress). Consequently, the svalue can be considered as a representative of the CFD slope although not being its physical slope (slope of a curve varies at every point and thus the s-value can be considered as a slope of CFD curve in an average sense). Accordingly, the GR b-value and GLE svalue are equivalent but not equal quantities. Fig. 14 plotted over the test duration shows evolution of b GLE along with s-value and α. As damage progresses, α increases approximately from 0.35 to 0.7 indicating shift from small to large magnitude event towards failure. Fluctuations in α and s-value show the sensitivity of these parameters for changes in CFD and such fluctuations are averaged out in b GLE . Fig. 15 shows the evolution of b GLE along with applied load on a normalized time axis for three different sizes of beam specimens. The growth of b GLE starts approximately at 70-80% of peak load in prepeak regime where 100th event is detected. The initial growth rate of b GLE is steep due to accelerated damage growth. As crack grows and load drops due to softening behavior, the damage growth stabilizes due to various toughening mechanism taking place as a result of microcracking and b GLE approaches a constant value near failure. It is important to notice that the b GLE increases monotonically (with some fluctuations) up to failure. This behavior of b GLE is consistent with damage growth and hence it can be considered as a damage compliant b-value. 
b GLE versus effective crack length
To determine a one to one relation between crack size and event magnitude is infeasible. Therefore, the causal inference is inevitable for deriving some important conclusions in the present work. The GR b-value and GLE s-value have been shown correlated negatively to stress. Therefore, an important question that needs to be answered here is, if the stress causes variation in s-value, then what is the source of incremental cut-off magnitude in CFD? The obvious explanation comes from the mechanics of fracture of the problem. The far-field applied stress may cause crack propagation but the state of stress near the crack tip is defined by the stress intensity factor (SIF). The crack interaction of different sizes (as discussed in Section 7.1) relieves stress singularity and restricts crack growth which results in cut-off magnitude. The parameter α accounts for nonlinearity and cut-off magnitude of CFD and therefore it must be correlated to the SIF at the instance of the damage. Considering the general expression of stress intensity factor for mode-I as, where K I is the mode-I stress intensity factor due to stress σ at crack length a. f a ( ) is geometry shape factor and = a a d / , where d is size of the specimen. Eq. (6) is applicable to brittle materials and does not account for different crack sizes and their interaction but for simplicity of argument this equation serves the purpose. According to linear elastic fracture mechanics, Eq. (6) implies that the effective crack length at any point during damage progression can be expressed as a ratio of stress intensity factor and stress normalized by geometry shape function as follows,
The parameter α increases with nonlinearity and cut-off magnitude in CFD and therefore it can be considered as correlated to SIF as
and the stress can be correlated to s-value as ∝ s σ 1/ . Therefore, for the same geometry,
,
Eq. (8) signifies that the b GLE is a function of stress and stress intensity factor in distribution domain. Consequently, a change in b GLE can be considered correlated to effective crack length during damage progress. Fig. 16 shows b GLE on the left and effective crack length on the right axis plotted over time to demonstrate the correlation expressed by Eq. (9) . The effective crack is determined from digital image correlation technique as discussed in Sections 5.2 and 6. A reasonably good correlation as seen between effective crack length and b GLE illustrates the damage compliant behavior of b GLE . Fig. 17 shows the effect of finite specimen size on α and s-value which eventually results in scale effect on b GLE . Data scatter is noticeable in small size beams and it is negligible for large beams. The reason behind scatter of α and s-value in small beams is obviously due to prominent heterogeneity effect (heterogeneity of material is unchanged but its effect gets intense with decrease in dimensions of the beams). As beam size increases, such heterogeneity effect averages out resulting in reduced scatter in parameters. Similar to b-values determined by GR law as shown in Fig. 11 , the size effect on b GLE also appears negligible but the trend is again significant. The observed ranges of GLE parameters are shown in Table 3 . 
b GLE versus scale effect
Uncertainty of b GLE versus b GR
The b-values obtained from GLE and GR law show different scatter pattern with respect to ligament depth of the beams as shown in Fig. 18a and b enveloped by maximum and minimum values with average nonlinear trend (dashed lines). The uncertainty in bvalue is a result of uncertain occurrence of cracks in concrete due to its heterogeneous microstructure which produces uncertain events of varying magnitudes. To compare uncertain behavior of the material at different scales, the AE information needs to be normalized by volume of FPZ to obtain crack density. However the volume of FPZ is unknown and therefore the ligament depth is used as a representative of beam size for normalization. The mean μ ( ) of N max normalized by ligament depth measures mean events per unit ligament depth. Similarly, normalized standard deviation of events for a beam size can be determined. Fig. 18d shows the variation of normalized mean and standard deviation σ ( ) of N max derived from statistics of AE events listed in Table 2 . Though cumulative number of events increases with increase in beam size as shown in Fig. 18c , the normalized dispersion of these events reduces with the increase in beam size as shown in Fig. 18d . This illustrates that the uncertainty of AE generation in concrete reduces with larger beam size. Here, uncertainty of AE detectability is not considered as AE sensors are arranged closely around the crack path to avoid any data loss by attenuation.
The observed scatter of b GLE (Fig. 18a ) reflects this uncertainty caused by beam size whereas dispersion of b GLE reduces for large beam sizes. On the contrary, b GR does not account for AE generation uncertainty. Fig. 18e shows a linear relation between N max and b GLE on a log-linear scale. As N max can be predicted by relating it with ligament depth of beam, existence of relationship between N max and b GLE should help to predict expected b GLE for damage evaluation. Such type of relation is not certain for b GR as shown in Fig. 18f .
Conclusions
The GR distribution has been successfully used for effective prediction of final failure in structural elements. Despite such productivity of b GR , its bias for certain magnitude range and inadequacy to characterize CFD makes it uncertain for quantitative damage evaluation. Currently, two critical stages, one near peak load and other near failure, are used to characterize damage where b-value varies from 1.5 to 1.0 respectively. The present work emphasis on monotonic increase in b-value with incremental damage such that the damage can be characterized in between these two critical conditions quantitatively. If one looks closer to CFD evolving over time, as an animated series of curves superposed in chronological order, the subtle changes in its shape become visible with progressive damage. Quantification of these shape changes by single parameter b-value oversimplifies and approximates the nonlinearity in CFD. One to one correlation between damage level and b GR is also absent as different damage levels sometimes show the same bvalues. On the other hand, the logistic (sigmoidal) growth of microcracks is more appealing, natural and evident in experimental studies over the power law growth. The two parameters, s-value as a rate parameter and α as a shape parameter of GLE, effectively captures the subtle shape changes of CFD. The proposed b GLE is rather a generalized version of b GR which not only fits well in the whole range of magnitude but accounts for cut-off magnitude too. GLE approaches the problem in more statistical way as a problem of parameter estimation without the need of log-linear scale transformation whereas GR law is merely a linear least square fitting technique on log-linear scale. Moreover, the monotonic incremental behavior of b GLE makes it damage compliant as it correlates with crack length. Therefore, one to one correlation between damage level and b GLE is possible to evaluate damage quantitatively. Accommodation of AE generation uncertainty and size effect makes b GLE superior and predictable over b GR for practical applications.
In practice, damage initializes by dispersed micro cracking and then a dominant crack takes over the damage process. In such cases b GLE can be effectively used to evaluate damage quantitatively. Small size geometrically similar specimens are often tested in laboratories to understand the behavior of real world large structural elements. The fracture mechanics based research on concrete revolves around quantifying the prominently observed size effect through such laboratory experiments. Therefore, it is also necessary to evaluate size effect on b-value for its consideration as an absolute damage indicator for structural health monitoring. Therefore, the present work is motivated by the fact that instead of apparent universality, an absolute b-value near failure for each size of beam can be determined in laboratory and can be extrapolated to account for size effect in real world application.
